ABSTRACT. In this paper, we establish ∆-convergence results for Ishikawa iterations in complete CAT(K) spaces.
INTRODUCTION
Let (X, d) be a complete metric space and let T be a mapping from X to X. Then T is called nonexpansive if for all x, y ∈ X,
d(T (x), T (y)) ≤ d(x, y).
A point x ∈ X is called a fixed point of T if T (x) = x. Fix(T ) denotes the set of fixed points of T . Kirk proved the existence of fixed points for nonexpansive mappings on CAT(0) spaces in [6] and CAT(K) spaces in [7] .
A CAT(K) space is a metric space in which no triangle is fatter than the triangle with the same edge lengths in a model space, which is the 2-dimensional, complete, simply-connected space of constant curvature K (see Definition 1) . A CAT(K) space is a generalization of a simply-connected Riemannian manifold with sectional curvature ≤ K; we will introduce generalized definitions of convergence and notations including the sum ⊕, which interpolates between a pair of points along a geodesic, in Section 2.
In a CAT(K) space X, for t n , s n ∈ [0, 1] and x 0 ∈ X, the Ishikawa iteration {x n } is defined by (1.1) x n+1 = t n T (y n ) ⊕ (1 − t n )x n , n ≥ 0, where y n = s n T (x n ) ⊕ (1 − s n )x n . For a nonexpansive mapping T , Dhompongsa and Panyanak in [2] obtained a ∆-convergence result for Ishikawa iterations in complete CAT(0) spaces under the conditions
(1 − t n )s n < ∞ and lim sup n s n < 1.
In [9] , a similar result was proved by Panyanak and Laokul under the other conditions ∞ n=0 t n (1 − t n ) = ∞ and ∞ n=0 t n (1 − t n )s n < ∞.
In this paper, we will obtain ∆-convergence results for Ishikawa iterations in complete CAT(K) spaces (see Theorem 16 and Theorem 19).
In [5] , He, Fang, López and Li studied the ∆-convergence of Mann iterations in complete CAT(K) spaces with the condition
Since the Mann iteration is given by (1.1) when s n = 0 for all n, we provide an alternative proof of the ∆-convergence theorem for Mann iterations in complete CAT(K) spaces.
PRELIMINARIES
Let (X, d) be a metric space. The open ball centered at p with radius r is denoted by B r (p). The closed ball centered at p with radius r is denoted by B r [p] .
A curve γ : I → X is called a geodesic if for any two t, t
, a unit-speed geodesic γ : I → X from x to y defined on I = [0, t], where γ(0) = x, γ(t) = y and t = d(x, y). By △xyz, we denote the geodesic triangle of geodesics [xy], [xz] and [yz] .
Let C be a positive constant. A metric space X is a geodesic space if any two points are joined by a geodesic; and a C-geodesic space if any two points with distance < C are joined by a geodesic. A set Y ⊂ X is convex if any two points x, y ∈ Y can be joined by a geodesic and all geodesics joining them are contained in Y. If this condition holds for any two points in Y with distance < C, Y is said to be C-convex.
For a constant K, we use M K to denote the 2-dimensional, complete, simplyconnected space of constant curvature K.
Definition 1. Let (X, d) be a metric space and let K be a real constant. A D Kgeodesic space X is a CAT(K) space if for any geodesic triangle △xy 1 y 2 of perimeter < 2D K , and its comparison triangle △ x y 1 y 2 in M K , we have
where z i is any point on [xy i ] and z i is the point on [
We now record a few lemmas about CAT(K) spaces that we will need in the sequel. 
We can get the next lemma by following the proof of Prop. 3.1 in [11] with ε = π/4.
For a bounded sequence {x n } in X, define
The asymptotic radius of {x n } is defined by
The asymptotic center of {x n } is defined by
Now we can give a definition of ∆-convergence, and list a few properties.
Definition 6. For a bounded sequence {x n } in X, the sequence {x n } is said to ∆-converge to x ∈ X if x is the unique asymptotic center of {u n } for every subsequence {u n } of {x n }. In this case, we will write ∆ − lim n x n = x and call x the ∆-limit of {x n }.
Then we have a lemma to show a property of a sequence which ∆-converges.
) be a complete metric space and let F be a nonempty subset of X. Then a sequence {x n } in X is Fejér monotone with respect to F if
for all n ≥ 0 and all q ∈ F.
Definition 9.
[5] For a sequence {x n } in X, a point x ∈ X is a ∆-cluster point of {x n } if there exists a subsequence of {x n } that ∆-converges to x.
With Definition 9, we will know when a sequence {x n } in X ∆-converges to a point of F if {x n } is Fejér monotone with respect to F.
Lemma 10.
[5, Lemma 3.2] Let X be a complete CAT(K) space and let F be a nonempty subset of X. Suppose that the sequence {x n } of X is Fejér monotone with respect to F and the asymptotic radius r({x n }) of {x n } is less than D K /2. If any ∆-cluster point x of {x n } belongs to F, then the sequence {x n } ∆-converges to a point of F.
Lemma 11.
[12] [13] Suppose that {a n } and {b n } satisfy that a n ≥ 0, b n ≥ 0 and a n+1 ≤ (1 + b n )a n for all n ≥ 0. If ∞ n=0 b n converges, then lim n→∞ a n exists. Additionally, if there is a subsequence of {a n } which converges to 0, then lim n→∞ a n = 0.
ISHIKAWA ITERATION PROCESS ON CAT(K) SPACES
Lemma 12. [10, Theorem 3.4] Let X be a complete CAT(1) space and let T : X → X be a nonexpansive mapping such that F := Fix(T ) = ∅. Then F is closed and π-convex.
Lemma 13. Let X be a complete CAT(1) space and let T : X → X be a nonexpansive mapping such that
Proof. Since d(x 0 , F) ≤ π/4, by Lemma 3 and 12, there is a unique point p in F such that d(x 0 , p) = d(x 0 , F). By induction, we want to show that
We will prove Lemma 14 and Lemma 15, which are obtained by following the proofs in [9] .
If d(x 0 , F) = 0, then x 0 ∈ F and hence by definition (1.1), x n = x 0 for all n. So we just consider the case d(x 0 , F) > 0. Lemma 14. Let X be a complete CAT(1) space and let T : X → X be a nonexpansive mapping such that
for all n ≥ 0 where C := 2d(x 0 , F).
Then, multiplying by (1 − t n ), we have
Then we have
From (3.1) and (3.2), we get
Lemma 15. Let X be a complete CAT(1) space and let T : X → X be a nonexpansive mapping such that F := Fix(T ) = ∅. Suppose that {t n } and {s n } satisfy that
Proof. By Lemma 11 and 14, lim n→∞ d(T (x n ), x n ) exists. Let p be the unique point in F) . By Lemma 5, we get
Then since T is nonexpansive, we have
By Lemma 5, also we get
Since T is nonexpansive,
By (3.3) and (3.4), we obtain
This implies
Then there exists a subsequence {n k } of {n} such that
Then it becomes
From (3.6) and (3.7), we get
We will prove Theorem 16, which is obtained by following a first part of the proof in [5, Theorem 3.1].
Theorem 16. Let X be a complete CAT(K) space and let T : X → X be a nonexpansive mapping such that F := Fix(T ) = ∅. Suppose that {x n } is defined by (1.1) under the conditions
Then, for each x 0 ∈ X with d(x 0 , F) < D K /4, the sequence {x n } ∆-converges to a point of F.
Proof. Rescaling the metric by 1/ √ K, we may assume that K = 1. q) and since the open ball B r (q) in X with radius r < π/2 is convex, we have
Similarly, since d (T (y 0 ), q) ≤ d(y 0 , q) and since the open ball B r (q) is convex, we have
Using mathematical induction, we can easily get that
for all n ≥ 0. Therefore the sequence {x n } is Fejér monotone with respect to F 0 . Let p be the unique point in
for all n ≥ 0. This means that the asymptotic radius r({x n }) of {x n } is less than π/4. By Lemma 10, we only need to show that for each point x such that there exists a subsequence {x n k } of {x n } which ∆-converges to x, it belongs to F 0 . From (3.9), note that r(p,
By Lemma 7, we obtain
that is,
By Lemma 15, we have lim sup
This implies that T (x) ∈ A({x n k }) and T (x) = x. Therefore x ∈ F. With (3.10), x belongs to F 0 . By Lemma 10, it is proved.
Since the following corollary is a direct result by letting K = 0 in Theorem 16, Theorem 16 is the extended result of the corresponding one in [9] .
Corollary 17. Let X be a complete CAT(0) space and let T : X → X be a nonexpansive mapping such that F := Fix(T ) = ∅. Suppose that {x n } is defined by (1.1) under the conditions
Then, for each x 0 ∈ X, the sequence {x n } ∆-converges to a point of F.
For the conditions
(1−t n )s n < ∞ and lim sup n s n < 1, we will get the following lemma, which is an analog of Lemma 2.12 in [2] .
Lemma 18. Let X be a complete CAT(1) space and let T : X → X be a nonexpansive mapping such that F := Fix(T ) = ∅. Suppose that {t n } and {s n } satisfy that
Proof. From Equation (3.5) in Lemma 15,
and then
Since T is nonexpansive and
Then we get
By (3.11),
Since d(x 0 , F) < π/4, by Lemma 13, x n and T (y n ) are in the open ball centered at T (x n+1 ) with radius < π/2. Since this open ball is convex, we have
Dividing by t n , this becomes
By Lemma 13, T (y n ) and x n are in the open ball centered at y n with radius < π/2, which is convex. This yields d(T (x n+1 ), x n+1 ) ≤ t n d(T (y n ), y n ) + (1 − t n )d(x n , y n ) + (1 − t n )d(T (y n ), x n ).
Since T (x n ) and x n are in the open ball centered at T (y n ) with radius < π/2, we have d(T (x n+1 ), x n+1 ) ≤ t n [s n d(T (y n ), T (x n )) + (1 − s n )d(T (y n ), x n )] + (1 − t n )d(x n , y n ) + (1 − t n )d(T (y n ), x n ).
Since T is nonexpansive and d(x n , y n ) = s n d(T (x n ), x n ), we get d(T (x n+1 ), x n+1 ) ≤ (1 − t n + t n s n )d(x n , y n ) + (1 − t n s n )d(T (y n ), x n ) ≤ s n (1 − t n + t n s n )d(x n , T (x n ))
≤ [s n (1 − t n + t n s n ) + (1 − t n s n )(1 + s n )]d(x n , T (x n )) = [1 + 2s n (1 − t n )]d(x n , T (x n )).
Then we get the following inequality (3.13) d(T (x n+1 ), x n+1 ) ≤ [1 + 2s n (1 − t n )]d(x n , T (x n )).
Since s n (1 − t n ) converges, applying Lemma 11 to (3.13), lim n→∞ d(T (x n ), x n ) exists. By (3.12), it is equal to zero.
By following the same proof of Theorem 16 and using Lemma 18, we obtain Theorem 19. Let X be a complete CAT(K) space and let T : X → X be a nonexpansive mapping such that F := Fix(T ) = ∅. Suppose that {x n } is defined by (1.1) under the conditions
